Mem. S.A.It. Vol. 75, 282 
©SAIt 2008 



„ono m/< ,^ 



Memorie deiia • 




Oegli S9" 



What if ... General Relativity is not the theory? 

O. Bertolami 1 ' 2 

1 Departamento de Ffsica e Astronomia 
Faculdade de Ciencias, Universidade do Porto 

Rua do Campo Alegre 687, 4169-007 Porto, Portugal. 

2 Instituto de Plasmas e Fusao Nuclear, Instituto Superior Tecnico, Avenida Rovisco Pais 
1, 1049-001 Lisboa, Portugal, e-mail: orfeu.bertolami@fc.up.pt 



Abstract. The nature of gravity is fundamental to understand the scaffolding of the 
Universe and its evolution. Einstein's general theory of relativity has been scrutinized for 
over ninety five years and shown to describe accurately all phenomena from the solar system 
to the Universe. However, this success is achieved in the case of the largest scales provided 
one admits contributions to energy-momentum tensor involving dark components such as 
dark energy and dark matter. Moreover, the theory has well known shortcomings, such as 
the problem of singularities, the cosmological constant problem and the well known initial 
conditions problems for the cosmological description. Furthermore, general relativity also 
does not fit the well known procedures that allow for the quantization of the other funda- 
mental interactions. In this discussion we briefly review the experimental bounds on the 
foundational principles of general relativity, and present three recent proposals to extend 
general relativity or, at least, to regard it under different perspectives. 
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1. Introduction 

The understanding of the Universe in its chal- 
lenging complexity requires a detailed knowl- 
edge of the force of gravity at all scales. 
Gravity was the first of the known four fun- 
damental interactions of Nature to be de- 
scribed through a detailed theoretical frame- 
work. Newton was the first to understand that 
gravity was universal, dictating the fall of any 
body on Earth, as well as the planetary mo- 
tion in the solar system. On larger scales the 
role of gravity is even more overwhelming 
and it drives the evolution of the galaxies, 



Send offprint requests to: O. Bertolami 



clusters and superclusters of galaxies and ul- 
timately the whole dynamics of the Universe. 
Currently, Einstein's general relativity (GR) al- 
lows for a detailed description of a vast range 
of phenomena, from the dynamics of com- 
pact astrophysical objects such as neutron stars 
to cosmology, where the Universe itself is 
the object of study. The list of predictions of 
GR is quite impressive and includes, for in- 
stance, the expansion of the Universe, gravita- 
tional lensing, gravitational waves, and black 
holes. Remarkably, only gravitational waves 
and black holes have not been directly and un- 
questionably detected. And yet, despite of all 
that, little is known about the underlying mi- 
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croscopic theory that supports the fundamental 
connection between space-time curvature and 
the energy-momentum of matter as prescribed 
by GR. 

In what concerns the Universe, GR is up 
to the job as far as the contribution of "dark" 
components, dark energy and dark matter, 
to the energy-momentum tensor is included. 
Furthermore, GR seems to be incomplete as it 
is unable to address issues such as the prob- 
lem of singularities, the cosmological constant 
problem and the need of extra states to play the 
role of the inflaton field so to avoid well known 
initial conditions problems for the cosmologi- 
cal description. 

In what follows we briefly review the ex- 
perimental bounds on the foundational princi- 
ples of GR, and discuss three recent propos- 
als to extend the theory and to regard it un- 
der alternative perspectives. These three ap- 
proaches have been chosen by their "fresh- 
ness" and because they emerge from new un- 
derlying assumptions about scale invariance, 
the thermodynamic features of gravity and the 
holographic principle, and Lorentz symmetry. 

This contribution is organized as follows: 
in the next section, we briefly review the main 
bounds on the foundations of GR, as well as 
on the CPT symmetry; in section III, we dis- 
cuss the unparticle proposal and its "ungrav- 
ity" connection; in section IV, we discuss a pu- 
tative relationship among Newton's law, ther- 
modynamics, the holographic and the equiva- 
lence principles; in section V, we discuss the 
Hofava-Lischitz proposal for quantum gravity 
and speculate on some possible implications 
for its quantum cosmology. Some final remarks 
are advanced at the last section. 

2. The experimental state of the 
foundational principles of GR 

We briefly review now the current experimen- 
tal bounds on the underlying principles of 
GR. They are the following (see (Will, 2005, 
Bertolami, Paramos, & Turyshev, 2006) for 
thorough discussions): 

1 . Weak Equivalence Principle (WEP), which 
states that freely falling bodies do have the 



same acceleration in the same gravitational 
field, independent on their compositions. In the 
laboratory, precise tests of the WEP are per- 
formed by comparing the free fall accelera- 
tions, a\ and ai, of different test bodies at the 
same distance from the source of the gravity 
as a measure of the difference between the ra- 
tio of the gravitational mass, Mq, to the inertial 
mass, Mi, of each body: 

Aa _ 2(fl! -a 2 ) _ (Mg\ (Mg\ 
a a\ + a 2 \ M/ /, \M I ) 2 ' 

The most recent tests yield Aa/a < 10~ 13 
(Schlamminger et al. , 2008). 

2. Local Lorentz Invariance (LLI), implies that 
clock rates are independent on the clock's ve- 
locities. Thus, invariance under Lorentz trans- 
formations implies that the laws of physics 
are independent of the velocity of the refer- 
ence frame . Limits on the violation of Lorentz 
symmetry are available from laser interfero- 
metric versions of the Michelson-Morley ex- 
periment, by comparing the speed of light, c 
and the maximum attainable velocity of parti- 
cles, c it up to 5 = \c 2 lc] - 1| < 10~ 9 (Brillet 
& Hall, 1979). Limits on Lorentz symmetry 
can also be obtained from the absence of high- 
energy cosmic rays with energies beyond 5 x 
10 19 eV from sources further than 50-100 Mpc 
(Abbasi et al., 2005, Abraham et al., 2010), 
the so-called Greisen-Zatsepin-Kuzmin (GKZ) 
cut-off (Greisen, 1966, Zatsepin & Kuzmin, 
1966). As discussed in Refs. (Sato & Tati, 
1972, Coleman & Glashow, 1997, Gonzales- 
Mestres, 1999, Bertolami & Carvalho, 2000) 
slight violations of Lorentz invariance would 
cause energy-dependent effects that would sup- 
press otherwise inevitable processes such as 
the hadronic resonant production of, for in- 
stance, A1232, due to the scattering of ultra-high 
energy protons with photons of the cosmic mi- 
crowave background radiation. The study of 
the kinematics of this process yields a quite 
stringent constraint on the Lorentz invariance, 
namely 6 - 1 .7x 10~ 25 (Bertolami & Carvalho, 
2000, Bertolami, 2002). 

3. Local position invariance (LPI), postulates 
that clocks rates are also independent on their 
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space-time positions. Given that both, WEP 
and LLI, have been tested with great accu- 
racy, experiments concerning the universality 
of the gravitational red-shift of frequencies, v, 
measure the extend to which the LPI holds. 
Therefore, violations of the LPI would imply 
that the rate of a free falling clock would be 
different when compared with a standard one, 
for instance on Earth's surface. The accuracy 
to which the LPI holds can be parameterized as 
Av/v = (1 +/j)U/c 2 , where U is the Newtonian 
gravitational potential. An accurate verifica- 
tion of the LPI was achieved by comparing 
hydrogen-maser frequencies on Earth and on a 
rocket flying to an altitude of 10 4 km (Vessot, 
1980), yields |//| < 2x 10" 4 , an experiment usu- 
ally referred to as Gravity Probe-A. Recently, 
an order of magnitude improvement was at- 
tained, \fx\ < 2.1 x 1(T 5 (Bauch & Weyers, 
2002). 

The Strong Equivalence Principle (SEP) ex- 
tends the WEP to the gravitational energy it- 
self. GR assumes that the SEP is exact, but 
alternative metric theories of gravity such as 
those involving scalar fields and other exten- 
sions of gravity theory, violate the SEP. 

Putative violations of the SEP can be ex- 
pressed in the PPN formalism (see (Will, 1993) 
and refs. therein) by the ratio between gravita- 
tional and inertial masses, M c /Mj (Nordtvedt, 
1968): 



M G 



Mj 



= 1+ (— 

sep +11 \Mc* 



(2) 



where M is the mass of a body, Q is the 
body's (negative) gravitational self-energy (see 
below), Mc 1 is its total mass-energy, and rj 
is a dimensionless constant that parametrizes 
SEP violations (Nordtvedt, 1968). In a fully- 
conservative, Lorentz-invariant theories of 
gravity (Will, 1993) the SEP parameter is re- 
lated with the PPN parameters by rj - AB-y-3. 
In GR B — 1 and y — 1 , so that r\ — 0, where 
the PPN parameters are introduced through the 
expansion of the metric as 



goo = -1 + 2U-2BU 2 + ... 
got = ~(4y + 3)Vi + ..., 
gij = S ij {\+2yU) + ... , 



(3) 



where V, is the component of the velocity of a 
test particle and U the Newtonian gravitational 
potential. 

The self energy of a body B is given by 



Q \ G 

Mc^Ib ~ ~2M B c 2 



|x-y| 



■ (4) 



For a sphere with a radius R and uniform den- 
sity, Q/Mc 2 = -3GM/5Rc 2 . Accurate evalua- 
tion for solar system bodies requires numerical 
integration of the expression of Eq. (4). Given 
that the gravitational self-energy is propor- 
tional to M 2 and the extreme weakness of grav- 
ity, the typical values for the ratio (Q/Mc 2 ) are 
(9(10~ 25 ) for laboratory size bodies. Therefore, 
to test the SEP one must consider planetary- 
sized bodies, where the ratio Eq. (4) is con- 
siderably higher. To date, the Earth-Moon-Sun 
system provides the most accurate test of the 
SEP: recent results from lunar laser ranging 
(LLR) data yield A(M C /M / ) WEP = (-1.0 ± 
1.4) x 10~ 13 (Williams, Turyshev & Boggs, 
2004). This result corresponds to a test of the 
SEP of A(M c /M,)sep = (-2.0 ± 2.0) x 10~ 13 
with the SEP violation parameter found to be: 
77 = (4.4 ± 4.5) x 1 0~ 4 . Using the recent Cassini 
result for the PPN parameter y - 1 = (2. 1 ± 
2.3) x 10~ 5 (Bertotti, less & Tortora, 2003), 
PPN parameter B is determined at the level of 
B- 1 = (1.2 ± 1.1) x 10~ 4 . 

In quantum field theory, Lorentz invariance 
together with the requirements of locality, an 
Hermitian Hamiltonian and the spin-statistics 
connection give rise to the CPT theorem (see 
e.g Ref. (Weinberg, 1996)) which implies that 
the mass of particles and their anti-particles are 
exactly the same. This equality can be mea- 
sured with great accuracy for the K Q - K° sys- 
tem, and it yields the bound 8 x 10~ 19 in terms 
of their averaged mass of the system (PDG, 
2011). 

The discussion of the fundamental under- 
lying symmetries and principles of GR leads 
us to a broader discussion of the various alter- 
native theories, and hence, also to raise ques- 
tions about some crucial theoretical problems 
and experiments. A partial list should include, 
for instance: 
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Can dark matter (DM) be direct detected and 
its nature unravelled? 

Can one determine the nature of dark en- 
ergy (DE) solely from the determination of the 
equation of state of the Universe? Does DE in- 
teract with DM? Can DE be described in an 
unified way together with DM (Kamenshchik, 
Moschella & Pasquier, 2001, Bilic, Tupper & 
Viollier, 2002, Bento, Bertolami & Sen, 2002, 
Barreiro, Bertolami & Torres, 2008)? 

Do Pioneer (Anderson et al., 2002) and flyby 
(Anderson et al., 2008) anomalies really hint 
about new physics? Can thermal effects ac- 
count for the Pioneer anomaly as recent cal- 
culations suggest (Bertolami, Francisco, Gil & 
Paramos, 2008, 2010, 2011)? Can one test the 
flyby anomaly (Bertolami, Francisco, Gil & 
Paramos, 2011)? 

Can one expect violations of the WEP at cos- 
mological scales (Bertolami, Pedro & Delliou, 
2007, 2009, 201 1)? Is there any hint of a con- 
nection between a violation of the WEP and 
the cosmological constant problem (Bertolami, 
2009)? 

How realistic is to expect that the detection of 
gravitational waves and black holes will allow 
for testing GR against alternative theories of 
gravity? 

Are there new forces of nature? New symme- 
tries to be accounted for? Can one connect pu- 
tative variations of the fundamental constants 
of nature with the existence of extra dimen- 
sions? 

Does space-time has a noncommutative struc- 
ture (Connes, Douglas & Schawarz, 1998, 
Seiberg, 1999)? Should noncommutativity be 
extended to the phase space (see e.g. Ref. 
(Bastos, Bertolami, Dias & Prata, 2008))? 

Is gravity an emergent or a fundamental inter- 
action? 

Of course, we could connect this discussion 
to the quest of unifying the interactions of 
nature and to the task of quantizing gravity, 
but this would lead us to the vast and well 



studied grounds of string theory, braneworlds 
and so on. We will not pursue this path 
here, but instead, discuss three approaches 
where some of the topics raised above are ad- 
dressed in a quite concrete way, namely: un- 
gravity, emergent gravity and its connection 
with phase space noncommutativity, and the 
Hofava-Lifshitz gravity proposal and its quan- 
tum cosmology. 

3. Ungravity 

A quite interesting issue concerning gravity 
and the Standard Model (SM) of the elec- 
troweak and strong interactions is the exis- 
tence of yet undetected hidden symmetries. It 
has been conjectured that the SM could sig- 
nal an underlying scale invariant, through the 
presence of states dubbed unparticles (Georgi, 
2007). Implementing scale invariance requires 
considering an additional set of fields with 
a nontrivial infrared (IR) fixed point, the so- 
called Banks- Zacks (BZ) fields. The interac- 
tion between SM and BZ fields would occur 
through the exchange of particles with a large 
mass scale, M„, which can be written as 

-Cbz = ~^fi SM( ~ >BZ ' ^ 

where Osm is an operator with mass dimension 
dsM built out of SM fields and Obz is an oper- 
ator with mass dimension dgz built out of BZ 
fields. 

At an energy scale Ay the BZ operators 
match onto unparticles operators (Ou) and Eq. 
(5) matches onto 

CuA dBZ-d v 

-Cu = OsmOu , (6) 

where dy is the scaling dimension of the un- 
particle operator On, which can be fractional, 
and Cjj is a coefficient function. 

These new states may have a bearing on 
gravity whether there exists tensor-type unpar- 
ticle interactions, which would couple to the 
stress-energy tensor of SM states and modify 
the Newtonian potential U(r). This modifica- 
tion, usually referred to as "ungravity", leads 
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to a power-law addition to the Newtonian po- 
tential (Goldberg & Nath, 2008) 



V(r) = - 



GuM 



1 + 



(7) 



where R c is the characteristic length scale of 
ungravity, 



Rc, = 



1 



l/(<fo-l) 



(Mpi\ 
nAu \ M, } 

2(2 - a) T{du + \)T{d v 



(8) 



2008), to constrain f(R) gravity theories with 
non-minimal coupling between curvature and 
matter (Bertolami, Boehmer, Harko & Lobo, 
2007). From the resulting change in the star's 
central temperature, we obtain constraints on 
the ungravity parameters R G and du- Given 
that the overall properties of the Sun are well 
described by the n — 3 polytropic index and 
that the allowed uncertainty on Sun's central 
temperature is AT C /T C « 0.06, we find for 



1 -.1/(2^-2) 

7.) 



r(2du) 



and Au > 1 TeV is the energy scale of 
the unparticle interaction (the lower bound re- 
flects the lack of detection of these interactions 
within the available energy range), M P \ is the 
Planck mass and a is a constant dependent on 
the type of propagator (unity in the case of a 
graviton). 

The Newtonian potential is recovered for 
d v = 1, R G = (if d v > 1) or R G -> oo (if 
du < 1), so that 



G 



1 + 



ld v -2 



(9) 



where Rq is the distance where the gravita- 
tional potential matches the Newtonian one, 
V(R ) = U(R ). Given that the value of R is 
unknown, only values of du close to the unity 
are considered (Goldberg & Nath, 2008), so 
that Eq. (7) is approximately given by 



1 + 



(10) 



Notice that corrections of this type also arise 
in the context of a gravity model with vector- 
induced spontaneous Lorentz symmetry break- 
ing (Bertolami & Paramos, 2005). 

There has been several attempts to con- 
strain ungravity models and ungravity inspired 
deviations from Newton's law. These include 
studies of the hydrostatic equilibrium condi- 
tions of a star and the ensued perturbation 
of the Lane-Emden equation, a method de- 
veloped in Ref. (Bertolami & Paramos, 2005) 
and used, in Ref. (Bertolami & Paramos, 



Sun 



7 x 10 s m and A v > 



du > 1, Rg < R 
1 TeV, lower bounds on M* are in the range 
(10- 2 - \Q- v )M Pl . For du <\,R G > R Sm and 
A v > 1 TeV, M„ must lie in the range above 
(10 _1 -10 2 )M W (Bertolami, Paramos & Santos, 
2009). 

These results for du ^ 1 are either more 
stringent or similar to those previously avail- 
able (Davoudiasl, 2007, Freitas & Wyler, 2007, 
Deshpande, Hsu & Jiang, 2008, Das, Mohanty 
& Rao, 2008, McDonald, 2009). The lower 
bound derived for du ^ 1 is more relevant, 
since this was unexplored. Complementary 
bounds can be obtained by examining the ef- 
fect of ungravity on nucleosynthesis yields 
(Bertolami & Santos, 2009). 



4. Emergent Gravity 

Recently, it has been argued that Newton's in- 
verse square law (ISL) and GR can be de- 
rived from thermodynamical considerations 
and from the holographic principle (Verlinde, 
201 1). In this formulation, the ISL arises from 
somewhat more fundamental entities such as 
energy, entropy, temperature and the count- 
ing of degrees of freedom set by the holo- 
graphic principle (t'Hooft, 1993, Susskind, 
1995). Thus, the crucial issue in the emergence 
of gravity, as in the case of black holes, is the 
relationship between information and entropy. 
The variation of entropy is assumed to be gen- 
erated by the displacement of matter, leading 
to an entropic force, which eventually takes the 
form of gravity. 

An implication of this entropic derivation 
of the ISL is that gravity is not a fundamental 
interaction, or at least, it is not directly related 
with the spin-2 state associated with the gravi- 
ton, encountered in fundamental theories such 
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as string theory. Actually, these arguments are 
in line with earlier ideas about the emergence 
of gravity from thermodynamical considera- 
tions (Jacobson, 1995, Padmananbhan, 2009). 
Central in the arguing of Ref. (Verlinde, 201 1) 
are the holographic principle (Maldacena, 
1998, Bousso, 2002) and the Bekenstein bound 
between the variation of the entropy, AS and 
the relativistic energy, E (Bekenstein, 1981): 
AS < 2nk B EAx/tic, in terms of Planck's and 
Boltzmann's constants, the speed of light and a 
matter displacement, Ax. These arguments can 
be extended to retrieve GR (Verlinde, 201 1). 

In Ref. (Bastos, Bertolami, Dias & Prata, 
2011a) we have argued that given the rel- 
evance of phase-space noncommutativity for 
quantum cosmology (Bastos, Bertolami, Dias 
& Prata, 2008), for the thermodynamics of 
the Schwarzschild black hole (BH) (Bastos, 
Bertolami, Dias & Prata, 2009) and for the BH 
singularity problem (Bastos, Bertolami, Dias 
& Prata, 2010, 2011b), it is just natural that 
this more general form of noncommutativity is 
considered when analyzing the emergence of 
gravity. 

The starting point is the phase space non- 
commutative algebra for configuration and mo- 
mentum variables in d space dimensions: 



Therefore, as it stands, this result sets a bound 
on the anisotropy of noncommutativity. If 
however, we further assume that #12/712 — 
0(1)623/723 = then the above mentioned 
bound on the WEP implies for the dimension- 
less quantity 8r]/H 2 : 



n 2 



< O(l) x 1Q- 13 



(14) 



This bound states that noncommutative effects 
can be 10 orders of magnitude greater than dis- 
cussed in the context of the noncommutative 
gravitational quantum well (Bertolami, Rosa, 
Aragao, Castorina & Zappala, 2005, 2006) and 
the Lamb shift correction to the relativistic 
hydrogen atom (Bertolami & Queiroz, 2011). 
However, this result does not presuppose any 
value for the 6 parameter. This bound implies 
that if, for instance, yfe < (10 TeV)~ x as in- 
ferred from the induced Lorentz invariance in 
the electromagnetic sector of the SM exten- 
sion due to configuration space noncommu- 
tativity (Carroll, Harvey, Kostelecky, Lane & 
Okamoto, 2001), then y/rj > 10~ 4 GeV. The 
latter bound is unsatisfactory as it implies that 
noncommutative effects should already have 
been observed. If however, one assumes that 
V# > M p l , i.e. that the characteristic scale of 6 
is essentially the scale of quantum gravity ef- 



r -■ r -■ r -■ l& JV^ll LI till J .T^tllV^ V 1 1 V_] LI LI 1 1 L LI 1 1 1 ^XCIVILJ V. 

[q-, q'j\ = iOn, [q'i,p'j\ = thSij, [P'nPj\ = Hj, (1 1) fects (the Planck mass, M P = L p l ), then yfrj 



where i,j= l,...,d, r\ij and fyy are antisymmet- 
ric real constant (d x d) matrices and 8ij is the 
identity matrix. 

Repeating the entropic derivation of the 
ISL in the context of phase space noncommu- 
tativity leads, for Orj/ft 2 « 1, to Newton's 
law and a noncommutative correction (Bastos, 
Bertolami, Dias & Prata, 201 la): 



_ GMm I 012*712 \ 
r 2 \ + 7h 2 ) ' 



12/712 N 



(12) 



This noncommutative correction is not 
isotropic, which affects the gravitational fall of 
masses on different directions. The expected 
relative differential acceleration is given, if one 
considers, say fall along the plane (1,2) with 
acceleration, a\, and say along the plane (2, 3) 
with acceleration a^. 

— = 2 (*ZHl\ * -^(012/712 - 023/?23). (13) 
a \ai + a 2 4H Z 



10" b M P , an interesting intermediary scale. At 
this point, further advancement is only possi- 
ble with new experimental data, either by the 
direct identification of noncommutative effects 
or through more stringent bounds on the WEP. 

A surprising implication of the above result 
is the connection with the observed value of the 
cosmological constant. Indeed, it has been ar- 
gued that a putative breaking of the WEP at 
about Awep - 10" 14 has a bearing on the dis- 
crepancy between the observed value of the 
cosmological constant and the expected one 
from the SM electroweak symmetry breaking 
(Bertolami, 2009): 

Aoa.s 



Asm 
and thus 
Agfa, ^ /ftA 
Asm 



(15) 



(16) 
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Thus, the emergence of gravity through 
thermodynamical arguments, besides its own 
intrinsic pertinence, provides a suggestive con- 
nection between the parameters of phase-space 
noncommutativity with the observed value of 
the cosmological constant. Of course, this re- 
lationship holds as far as the equivalence prin- 
ciple is found to be violated at Aep 10" 14 
level, just an order of magnitude beyond the 
current bound. 



5. Hofava-Lifshitz Gravity 

Hofava-Lifshitz (HL) gravity is an interesting 
suggestion for the ultraviolet (UV) completion 
of GR (Hofava, 2009), in which gravity turns 
out to be power-countable renormalizable at 
an UV fixed point. GR is supposed to be re- 
covered at an infra-red (IR) fixed point, as the 
theory goes from high to low-energy scales. A 
renormalizable theory is obtained abandoning 
Lorentz symmetry at high-energies (Hofava, 
2009) through an anisotropic scaling between 
space and time: r — > br and t — > b z t, b 
being a scale parameter. The dynamical criti- 
cal exponent z is chosen so to ensure that the 
gravitational coupling constant is dimension- 
less, which makes possible a renormalizable 
interaction. As the Lorentz symmetry is recov- 
ered at the IR fixed point, z flows to z = 1 in 
this limit (see Refs. (Kostelecky, 2004, Bluhm 
& Kostelecky, 2005, Bertolami & Paramos, 
2005, Bertolami & Carvalho, 2006) for other 
schemes to introduce Lorentz symmetry viola- 
tion into the gravity sector). 

The anisotropy between space and time 
matches quite well within the 3 + 1 Arnowitt- 
Deser-Misner (ADM) splitting formalism 
(Arnowitt, Deser & Misner , 1962) of the 
Hamiltonian formulation of GR. Following 
Ref. (Hofava, 2009), a foliation, parametrized 
by a global time f, is introduced. Since the 
global diffeomorphism is not valid anymore, 
one imposes a weaker form of this symmetry, 
the so-called foliation-preserving diffeomor- 
phism. Choosing this approach, the lapse 
function, N, is constrained to be a function 
only of the time coordinate, i.e. N = N(t). 
This assumption satisfies the projectability 
condition (Hofava, 2009). The gravitational 



Lagrangian for this anisotropic scenario is 
obtained considering all relevant terms at an 
UV fixed point (z £ 1) and, that at the IR 
fixed point, only z = 1 terms survive and GR 
is presumably recovered. At this point, it is 
possible to consider the simplifying detailed 
balance condition (Hofava, 2009, 2011) 
or not. However, given that the number of 
allowed terms in the action is not so large, the 
detailed balance Lagrangian can be obtained 
as particular case, actually through a proper 
choice of coefficients (Sotiriou, Visser & 
Weinfurtner, 2009). 

Cosmological considerations have been ex- 
tensively studied in the context of HL gravity 
(for a review, see Ref. (Mukohyama, 2010)) 
and we argue that quantum cosmology allows 
for acquiring some relevant insight about cer- 
tain features of HL gravity (Garattini, 2009, 
Bertolami & Zarro, 201 1). 

In order to obtain the minisuperspace 
Wheeler-DeWitt (WDW) equation the 
Robertson-Walker (RG) metric with R x S 3 
topology is considered, 

ds 2 = o 2 {-N(tfdt 2 + a 1 j ij dx'dx>) , (17) 

where i, j = 1, 2, 3, <x 2 is a normalization con- 
stant and jij is the metric of the unit 3-sphere, 

jij = diag( T -^,r 2 ,r 2 sin 2 6»). 

The required extrinsic curvature takes the 
form: 



1 / 3g u 



2o-N \ dt 



+ V/JV 



(18) 



where N' is the ADM shift vector and V, de- 
notes the 3-dimensional covariant derivative. 
As N t = for RW-like spaces, 



Ki. 



1 a 
~^Na 8ij - 



(19) 



The Ricci components of the 3 -metric and its 
trace can also be obtained, as the foliation is a 
surface of maximum symmetry: 



Ru = 



o- l a z 



R = 



(20) 
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The action for the projectable HL gravity 
without detailed balance is given by (Sotiriou, 
Visser & Weinfurtner, 2009): 



S hl = -f f d 3 xdtN ^[KijK'j - AK 2 



-g Q M z pl - gl R-g2M Pl - 2 R 2 - 
giMp^RuR' 1 - 8 4M P f 4 R 3 - gsM p fR(R'jRl) 
-geMp^R'jR^R] - gl M P r 4 RV 2 R 



-gsMp^ViRjiVR*] , 



(21) 



where g, are coupling constants. The time coor- 
dinate can be rescaled in order to set g\ = -1, 
the GR value. One also defines the cosmo- 
logical constant A as 2 A = goM^. An im- 
portant feature of the IR limit is the presence 
of the constant A on the kinetic part of the 
HL action. GR is recovered provided A — > 1 
(corresponding to the full diffeomorphism in- 
variance), however, for that A must be a run- 
ning constant and the symmetry to lead to 
the A = 1 GR value is still to be identi- 
fied. Phenomenological bounds suggest how- 
ever, that the value of A is quite close to the GR 
value (Sotiriou, Visser & Weinfurtner, 2009). 

The HL minisuperspace Hamiltonian is ob- 
tained through a Legendre transformation and 
is given by: 

H = I - (-n* - g c a 2 + g A a 4 +g r + il) , (22) 

where the canonical conjugate momentum as- 
sociated to a is expressed as: 



d£ a. 



(23) 



and, following Ref. (Maeda, Misonoh & 
Kobayashi, 2010), the dimensionless coupling 
constants are redefined: 



gc 

gr 

g s 



gA 



KM- 2 



3i-l'°' 1 18tt 2 (3A - l) 2 ' 
= 2An 2 0g 2 + gi ), 
= 28 87r 4 (3^-l)(9g4 + 3g5+S6). 



(24) 



In order to implement the quantum cos- 
mology programme, the classical minisuper- 
space Hamiltonian is turned into an operator 
on which the so-called wave function of the 
universe is applied to (DeWitt, 1967, Hartle & 
Hawking, 1983). Notice that the procedure of 
obtaining the minisuperspace can be regarded 
as a coset space dimensional reduction process 
(Bertolami & Mourao, 1991). This is a rele- 
vant point since there is no global diffeomor- 
phism in HL gravity, just a foliation-preserving 
diffeomorphism (Hofava, 2009). This can be 
seen as the lapse function no longer depends 
on the space-time variables, as in GR, but now 
it depends only on the global time N = ^V(f)- 
This implies that the Hamiltonian constraint is 
not local, however this problem can be circum- 
vented for an homogeneous metric, like Eq. 
(17), as the integration over space can be per- 
formed. The canonical quantization is obtained 
by promoting the canonical conjugate momen- 
tum into an operator, i.e. W a i-> -i^. Due 
to ambiguities in the operator ordering, one 
writes U 2 a =-±£{aP£) (Hartle & Hawking, 
1983). The choice of p does not modify the 
semiclassical analysis, hence p = is chosen 
and the WDW equation is written as 



{ 



^2 - gca' + g A a* +8r+^\ ^a) = 0.(25) 



This equation is similar to the one- 
dimensional Schrodinger equation for ti = 1 
and a particle with m = 1/2 with E = and 
potential 



V(a) = g c a - g A a - g r 



(26) 



and from this identification many results can be 
obtained. 

The salient features of this minisuperspace 
model are that the HL gravity terms are domi- 
nant on short distances, altering the behaviour 
of GR on these scales. The configurations for 
which the HL gravity new terms act as a "po- 
tential barrier" close to the singularity, a = 
can be suitably chosen (Bertolami & Zarro, 
2011). 

The solutions of the WDW equation are ob- 
tained considering the deWitt boundary con- 
dition, which assumes that the wave function 
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vanishes at the singularity. For a <sc 1, corre- 
sponding to the very early universe when the 
HL gravity terms dominate, the wave function 
is an exponential, typical of a classically for- 
bidden region. A quantum bound for the coef- 
ficient g s is found (Bertolami & Zarro, 201 1). 

For a vanishing cosmological constant, an 
exact solution can be obtained. In this case, 
the singularity is avoided due to quantum ef- 
fects as the probability to reach the singularity 
a = vanishes and g r is found to be quan- 
tized. Fixing the value of g s , for large values 
of n (large g r values), the wave function cor- 
responds to a classical universe, in analogy to 
the correspondence principle of the old quan- 
tum mechanics (Bertolami & Zarro, 201 1). 

For the very late universe, the curvature 
and the cosmological constant terms dominate 
and, one finds that, for A = or A < 0, the 
wave function is exponentially suppressed, de- 
noting that this region is classically forbidden. 
For a positive cosmological constant case, it is 
found a damped oscillatory behaviour as in the 
usual quantum cosmology for GR. 

Finally, from the semiclassical analysis it 
is found a semiclassical solution oscillating 
nearby the classical solution. For A > 0, this 
leads, at late times, to a de Sitter space-time, as 
expected from GR. 

We therefore conclude that the quantum 
cosmology of the HL gravity matches the ex- 
pectations of a quantum gravity model for the 
very early universe, as it provides a hint for 
a solution of the singularity problem, at least 
for the A = case. In specific situations, the 
model also suggests that the GR behaviour is 
recovered at the semiclassical limit (Bertolami 
& Zarro, 2011). 

6. Final remarks 

The underlying microscopic theory of grav- 
ity remains still an enigma. Recently, sev- 
eral fundamental issues have been raised about 
whether gravity is a fundamental interaction 
after all and whether more symmetries should 
be incorporated or some principles violated. 
In cosmology, a major progress would be 
achieved if the dichotomy between GR with 
dark components and alternative theories of 



gravity could be resolved. A violation of the 
equivalent principle at large scales would not 
allow for identifying unambiguously the the- 
ory of gravity, but it would signal the in- 
adequacy of GR. Of course, the identifica- 
tion of states associated to dark matter and 
dark energy in colliders (see e.g. (Bertolami 
& Rosenfeld, 2008) and references therein) 
or other experiments (for information on the 
various experiments to detect dark matter see 
(Dark Matter, 2011)) would be a major step 
forward. The same can be stated about unpar- 
ticle states. In what concerns the issues raised 
by the idea that gravity is an emergent property 
or that gravity at high energies can be properly 
formulated without Lorentz symmetry, inter- 
esting concrete challenges are posed and these 
allow for identifying the critical experimental 
tests that characterize these proposals. In any 
case, much is still to be learned about the inner 
process that connects the energy-momentum 
tensor and the space-time curvature as pre- 
scribed by GR, an issue that is getting more and 
more pressing and that indicates that there is 
still plenty of excitement ahead in the research 
of gravity. 
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